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ABSTRACT 
 

Aims: Vehicle braking system represents the most important active security system of modern 
vehicles. For proper functioning of additional equipment on systems such as ABS, TCS, ESP etc, it 
is necessary to know the changes in pressure in the entire braking installation.  
Study Design: The work presents a model for calculating parameters in a braking installation with 
hydraulic signal transfer. Simulation of hydrodynamic parameters in the brake installation with ABS 
covered a realistic compressible fluid (braking fluid) and the transfer of signal through the fluid in a 
form of wave motion. 
Place and Duration of Study: Faculty of Mechanical Engineering University of Sarajevo, 
Department for IC Engines and Vehicles leads the researching, while beta runway of International 
Airport Mostar was used for the measurements. Duration of study: 6 months during 2014 and 2015. 
Methodology: The method of characteristics is used for calculating hydrodynamic parameters in 
the pipes of braking installation, and for solving the mass conservation equations, where the 
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compressibility of a fluid is present, the Runge-Kutta forth order method with a variable time step is 
used. This way it is enabled to define a response of a system for every wheel separately, having in 
account that the pipes of the braking installation are of different lengths. 
Results: Numerical results are experimentally proofed, which affirms the use of this method of 
determining hydraulic parameters in the braking installation and it allows an analysis of realistic 
conditions of braking of a vehicle under all environmental conditions. 
Conclusion: A good model for simulation of complete vehicle hydraulic brake system. 
 

 
Keywords: Braking; brake installation; method of characteristics; ABS. 
 

NOMENCLATURES 
 
a Speed of sound ���

∗  Mass of piston 1 in the brake cylinder 
with additional masses 

Ac Pipe cross section ���
∗  Mass of piston 2 in the brake cylinder 

with additional masses 
Ad Diaphragm of vacuum booster cross section Mf Rolling moment 
Ak Main brake cylinder piston cross section mvp Mass of moving parts in the vacuum 

buster 
Akc Brake cylinder piston cross section p Pressure 
Ako Surface of disk line �̇ Flow 

Av Vehicle frontal cross section rc Effective radius of acting braking force 
Ar Piston regulator surface rd Dynamic rolling radius of the wheel 
b Damping coefficient of piston in the main 

brake cylinder 
S Slip 

bk Damping coefficient of piston in the brake 
cylinder 

t Time 

C Constant  V Volume 
c Stiffness of spring in the main brake 

cylinder 
v Velocity (speed) 

ck Stiffness of spring in the brake cylinder x Longitudinal coordinate 
cv Stiffness of spring in vacuum buster Z Vertical reaction 
CX Vehicle drag coefficient   
d Inner pressure diameter  Greek letters 
E Bulk module  Coefficient of rotational inertia mass 
f Rolling coefficient  Flow coefficient 
Fd Brake pedal force t Friction coefficient of brakes 

F Adhesion force t Rotational speed of wheel 
Fn Activation force in vacuum booster  Step function 
Fo Force of spring in the main brake cylinder  Darcy-Weisbach friction coefficient 
Fok Force of spring in the brake cylinder   
Fvo Force of spring in the vacuum booster  Index 
Fz Drag force i Wheel, exit 
g Acceleration due to gravity kr Regulator piston 
j Acceleration (deceleration) r Regulator 
J Inertia moment of rotating mass rk Working chamber of vacuum booster 
m Vehicle mass t Reservoir 
��

∗  Mass of piston 1 in the main brake cylinder 
with additional masses 

vk Vacuum chamber of vacuum booster 

��
∗  Mass of piston 2 in the main brake cylinder 

with additional masses 
u Entrance 

Mk Brake torque z Gap 
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1. INTRODUCTION 
 
Braking system is practically the most important 
system for the safety of the passengers and the 
vehicle. Conditions (different road surface, dry-
wet-snow surface, driver reaction – activation of 
brake system, vehicle state, etc.) in which this 
system should perform its function are very 
complex and often unpredictable. Because of 
that, the great attention has been given to the 
creation of different equipment which helps in the 
braking process, for more stable driving as well 
as the moving of the vehicle itself. In passenger 
vehicles, where the braking signals are 
transmitted hydraulically, the significant number 
of functions is supported through the common 
hardware with minimal add-ons, using different 
software solutions in form of ABS, TCS, ESP, 
etc. 
 
For the study of a hydraulic braking system with 
different additional systems it is important to 
know the hydrodynamic parameters in the 
braking installation (change of pressure, speed of 
the braking fluid, speed of different signals etc.). 
The researching of these parameters is possible 
through experiments and calculations.  
 
Analyzing the works in this field [1-4], it is noted 
that the authors view the hydraulic systems 
assuming the incompressibility of the braking 
fluid. Times of transmitting the signal and of 
inertia of a braking system are, in this case, 
questionable because some of discarding 
physical phenomena (compressibility of braking 
fluid and the propagation of a signal through 
liquids). Some authors introduce so-called inert 
blocks of first order [5] by which they simulate 
inertia of a braking system. Recently there are 
works in which hydrodynamics in the pipe of a 
braking system are viewed as non-stationary, 

isentropic and compressible flow. So in [6] we 
see a numerical method (method of 
characteristics) which allows solving the 
hydrodynamic characteristics of a pipe of a 
braking installation. In the same time, the 
vacuum booster was not analyzed in this study 
[6]. 
 
In this paper, both physical and mathematical 
model of braking system installation (from brake 
pedal, vacuum booster, the main brake cylinder, 
pipes to brake cylinders) with ABS hydraulic 
signal transfer will be presented. In the model we 
will respect the principles of compressibility of 
braking fluid in the entire system and propagation 
of signal at the speed of sound through a brake 
fluid. Also, numerical solution will be presented 
too, what was the base for development of own 
computer software. The results obtained by the 
software are compared to the results with the 
experiments. Also, a special attention was 
dedicated to define parameters of the used brake 
system on motor vehicle.  

 

2. PHYSICAL AND MATHEMATICAL 
MODEL OF HYDRAULIC BRAKING 
INSTALLATION  

 
The analysis of parameters in the braking 
installation is possible only together with the 
vehicle, with corresponding experimental check. 
For this reason, in this chapter we also give a 
simplified model of a vehicle in the braking 
process. 

 
2.1 Vehicle Model 
 
Physical model of a vehicle, in the braking 
process, is shown in the Fig. 1, with named 
significant parameters. 

 

 
 

Fig. 1. Simplified model of a vehicle in the braking process [7] 
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Process of movement of a vehicle and rotation of 
the wheels in the process of braking can be 
described with equations: 
 
- Equation for motion of a vehicle, on the 

horizontal road surface, according to the 
Newton’s Second Law is: 

 
��

��
= −

1

��
��

��,�

��

+ ��� +
1

2
��������� (1) 

 
Coefficient �  was taken according to the 
reference [7]. 

 
- Equation for rotation of every individual 

wheel, through the balance of momentum 
around the axis of the wheel rotation:  

 
���,�

��
= −

1

��

���,� + ��,� − ��,����                     (2) 

 
where ��  – momentum of inertia of mass of the 
given wheel with reduced according rotating 
masses (different values for drive wheels and 
driven wheels). 
 
Equations (1) and (2) are differential equations of 
first order and can be solved numerically by 
some of the known methods. Parameters that 
are, aside from the speed of the vehicle (�) and 
the angular speed (��), further in question are 

braking torque (��), and adhesion contact forces 
between pneumatics and the surface (F�,i). While 
the adhesion contact force between pneumatic 
and the surface, more accurately the coefficient 
of adhesion, can be described with a model 
according to experimental results in a following 
form: 
 

��,� =  �� �(�)           
 

  �(�)  = [��(1 − ���� �) − �� �]���� �� �1 − �� ��
�� (3) 

 
where Ci (i = 1, 2, 3, 4, 5) is a constant whose 
values are given in [8], the values of braking 
momentum are solved by simulating and 
calculating parameters of the braking installation, 
which will be elaborated in details as fallows. 
 

2.2 Brake Installation Model 
 
A simplified scheme of the hydraulic brake 
system of the vehicle is shown in the Fig. 2. 
 
The model of this installation will be presented 
through different models as follows: 
 

- Brake pedal (a), 
- Vacuum booster (b), 
- The main brake cylinder (c), 
- Brake pipe installation (d) 
- Brake cylinder on the wheel (f) with 

hardware ABS (e). 
 

 
 

Fig. 2. Physical model of the hydraulic brake system with ABS 
Legend: a - brake pedal, b - vacuum booster of brake force, c - the main brake with cylinder reservoir, 
d –installation pipes for braking, e - ABS / ESP hardware, f - working cylinder with actuators on wheels 
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2.2.1 Model of the brake pedal 
 

The Fig. 2 clearly shows that the force which is 
transferred to the vacuum booster is calculated 
as: 
 

�� = ��

��

��
                                                                 (4) 

 

whereby the force with which the driver presses 
the brake pedal is usually determined 
experimentally and in a model represents input 
data. 
 

2.2.2 Model of the vacuum booster 
 

The physical model of the vacuum booster is 
shown in the Fig. 3. 

The processes in the vacuum booster that can 
be mathematically describe with the assumption 
that the ideal gas is in the vacuum booster and 
that the processes are isentropic. Using gas-
dynamic process of gas flow through a 
convergent-divergent gaps and the equation of 
state of gas, it may be at any time to determine 
the state of pressure in the vacuum chamber 
( ��� ) and working chamber ( ��� ). Since the 
vacuum booster is not the subject of this paper, 
the above mentioned equation will not be 
analyzed. For the concrete analysis the time 
(path) of the axis is important (��), on which is a 
piston situated (1) of the main brake cylinder 
(Fig. 4). Coordinate (��) is calculated based on 
the Newton's second law as: 

 

���
∗ + ����

����

���
+ ��

���

��
+ ��(�� − ��) + ����� + (��� + ���)(�� + ��) 

 

= �� + (��� −  ���)�� − ���� − (���� + ���� + ����) −  ���                                                                    (5) 
 
After disassembling of the vacuum booster, especially for this project, the exact values of forces 
����, ���� and ���� and stiffness ���, ���  and ��� are obtained during testing on a special test bench at 
our Laboratory. These values were considered as the constant parameters. The mentioned 
methodology was applied also in case of the main brake cylinder, brake cylinder, in order to define 
necessary parameters.  
 

2.2.3 Model of the main brake cylinder 
 

Physical model of the main brake cylinder is shown in the Fig.4, where the most important labels used 
in the mathematical model are given. 
 

 
 

Fig. 3. The physical model of the vacuum booster 
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Fig. 4. Physical model of the main brake cylinder 
 

For a definition of unknown parameters in the main brake cylinder, in addition to equation (4), the 
following equations are used: 
 

- Equations of motion of the piston (2) (Fig. 4), by analogy with equation (5) is: 
 

��
∗

����

���
+ ��

���

��
+ ���� + ��(�� − ��) = (�� − ��)�� + ��� − ���                                                    (6) 

 

- Continuity equation for the volumes (��) and (��) (Fig. 4) are: 
 

��

�

���

��
= �� �

���

��
−

���

��
� − ���������

2

�
⃒�� − ��⃒ − �������� − �̇��                                               (7) 

 

��

�

���

��
= ��

���

��
− ���������

2

�
⃒�� − ��⃒ − �������� − �̇��                                                                 (8) 

 

Parameters ��  and �� represent step functions 
with values ±1 and depend on the relationship 
between the ratio of �� ≶ ��  and �� ≶ �� . 
Leakage of the brake fluid next to the pistons of 
the main brake cylinder (�̇p1, �̇p2) is usually taken 
on the basis of empirical data, the function of 
piston's speed �̇�  and �̇� . In this paper, brake 
fluid leakage/release is neglected. The values     
of the geometrical flow cross-section 
���, ���, ���, ��� are variable and depend on the 
size of the piston stroke in the main brake 
cylinder. The coefficients of flow losses at the 
connections ���, ���, ���, ���  were taken 
according to [9,10]. Physical properties of brake 
fluid: density (ρ) and bulk modulus (E) were 
taken from [11,12]. 
 

2.2.4 The model in the brake pipe installation 
 

Brake fluid flow in the pipes, considering the 
relationship between the internal diameter of 

tubes and their length, can be considered as the 
"one-dimensional flow." For this flow, realistic 
assumptions of unsteady, isentropic and 
compressible flow have been adapted. In this 
case, the flow can be described with the 
equations: 
 

- Equation of continuity 
 

��

��
+ ���

��

��
= 0                                                    (9) 

 
- Equations of motion 

 
��

��
+

1

�

��

��
+

��|�|

2�
= 0                                       (10) 

 
where the coefficient of linear losses ξ is taken 
on the basis of [8,9], and according to the pipes 
dimensions and surface roughness of the inner 
pipe. Equations (9) and (10) give the change in 

Reservoir

2 V1

c  ,F2 o2 c  ,F1 o1

v  ,A2 i2 v  ,A1 i1

2
p 

1
p p 

u1
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u2
Q 

t
p p 

2x 1x 
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speed (v) and pressure (p) along the tube (x) and 
time (t) were solved numerically using the 
method of characteristics [8,11]. 
 
The presence of different connections on the 
pipes, shown in the Fig. 5, where it is shown: A 
combination of multiple pipes (branches), pipes 
of different diameters, blend, different connectors 
with the volumes. 
 

Instances of such compounds represent 
boundary conditions for the pipes, where the 
limits are obtained on the basis of equality of 
pressure and flow (case a), b), Fig. 5) or just the 
continuity equation at the border (case c), d),  
Fig. 5). Borderline instances are given in final 
form in [8]. 
 
2.2.5 Model of the ABS 
 
Given the emphasis placed on the work of the 
hydrodynamic processes in the brake system 
with ABS, for the simulation of the ABS system, it 
will be given a minimum which connects the 

brake system in a single unit. The ABS controller 
is connected with the signal of change of the 
angular wheel velocity (��), with defined upper 
and lower limit of change of angular velocity. 
  
In the case that wheel angular velocity falls 
below the lower limit, the regulator of piston 
movement (Fig. 6) reduces the pressure in the 
brake system, which gradually decreases the fall, 
where increase of the angular velocity of the 
wheel begins to increase.  
 
For the case that the angular wheel velocity in 
the space between the boundary conditions, the 
piston regulator maintains the constant pressure 
in the brake system. When the angular wheel 
velocity passes the upper limit, the regulator 
piston moves in the direction of increasing the 
pressure of brake fluid, etc. The model of 
boundary values of angular acceleration is 
defined, inter alia, on the basis of tire adhesion 
coefficient, defined on the basis of [13]. The 
physical model of the pressure regulator can be 
simplified as shown in the Fig. 6. 

 

 
 

Fig. 5. Different joints on pipes 
Legend: a) branch b) pipes of different diameters, c) the blend d) connecting pipes and volume 

 

 
 

Fig. 6. Physical model of the regulator 
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Since the diagram of the regulator piston stroke 
(���) is defined by electromagnet, the change of 
pressure in the chamber pressure regulator can 
be described by equation of continuity: 
 

��

�

���

��
= ��,���,��� − ��

����

��
 

(11) 

 
2.2.6 The model of the brake cylinder 
 
Fig. 7 shows the physical model of the brake 
cylinder. 
 
The process of simulation of the duty 
(operational) brake cylinder can be described 
with the equations: 
 

- Equation of continuity in the volume of the 
brake cylinder (Conservation of Mass Law) 

- Equations of motion of pistons in the brake 
cylinder (Second Newton's law).  

 
The equation of continuity in the volume of the 
brake cylinder, in the case of compressible fluids 
(brake fluid), gives the equation: 
 

���

�

����

��
= ������� − ���(�̇�� + �̇��) − �̇��  (12) 

 

where leakages next to piston (�̇�� ) is usually 

ignored. Coefficient of losses (��� ) of inflow of 
fluid in to the chamber of the brake cylinder is 
taken from [9,10].  
 

 
 

Fig. 7. Physical model of the brake cylinder 
 
The equations of motion of pistons in the brake cylinders can be written as                                                  
(in the case of  ���, ��� < ��). 
 

���
∗ �����

��� + ���
����

��
+ ������ = ������ − ����                                                                          (13) 

 

���
∗

�����

���
+ ���

����

��
+ ������ = ������ − ����                                                                                       (14) 

 
In the equations (13) and (14), deformation of brake pads in the process of their contact with the disk 
is neglected. After defining the parameters described in the equations (12, 13, 14), it can be 
determined the braking torque on the wheel as: 
 

�� = [2������ − ���� − ���� − ������ − ������]���� .                                               (15) 
 
where �� is the coefficient of friction of friction elements, and �� is a radius of the center of pressure. 
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2.3 Numerical Solution 
 
The system of differential equations that describe 
the processes in the brake system, as well as the 
basic equations that describe the movement of 
vehicles can be grouped as follows: 
  
- Equations (1), (2), (7), (8), (11) and (12) 

are ordinary differential equations of first 
order of � ′ = �(�, �) type 

- Equations (5), (6), (13) and (14) are 
ordinary differential equations of second 
order of   � ′′ = �(�, � ′) type which can be 
translated into first-order differential 
equation of           � ′ = �,   � ′ = �(�, �) form.  

 
All the above mentioned equations are usually 
solved numerically using the Runge-Kutta 
method of the fourth order with a variable step. 
This method was used in this paper.  
 
Equations (9) and (10) are numerically solved 
using the method of characteristics. In addition to 
these equations, there are the equations (3, 4, 
15) representing the ordinary equation, and with 
the other listed equations constitute a closed 
system of equations. Using the above mentioned 
numerical methods, the own computer program 
was developed, which calculates all necessary 
parameters in the vehicle brake system with 
ABS. With the proper verification of the model 
and the computer program, the several 
simulation studies of the brake system are 
possible. 
 

3. VERIFICATION OF THE MODEL AND 
ANALYSIS OF THE RESULTS 

 
For the calculation of the brake system 
parameters and verification of the model, the VW 
vehicle was used with the basic data given in the 
Table 1, while the basic physical characteristics 
of brake fluid are given in the Table 2. 
 

Other vehicle characteristics are not specifically 
listed here. The measurements were made at 
test track near the International Airport Mostar, 
during last summer. During measurements an air 
temperature was 35°C, while an asphalt 
temperature has average value of 56.7°C. The 
following parameters are recorded on the 
vehicle: 
 

- Force on the brake pedal (��) is used as an 
input for the model described above. It is 
measured by the corresponding 

dynamometer on the brake pedal, with the 
range from 0 to 1000 N.  

- Speed, time and vehicle acceleration were 
measured using a GPS device (Racelogic 
DriftBox) and accelerometer (Maha VZM 100) 
with high-quality software support that 
enables data processing and drawing of 
desired charts.  

- Pressure in chamber 2 of the main brake 
cylinder using a specialized device for 
diagnosing the system for the vehicle of VW 
concern.  

 
For the used vehicle, the measurements of the 
brake pedal force and the pressure in the main 
brake cylinder chamber (2) are carried out, and 
the comparison was made with the calculated 
values of pressure ( ��) in the chambers of the 
main brake cylinder, as shown in the Fig. 8. 
 

Table 1. Basic data for the tested vehicle 
 

Length of the vehicle 4204 mm 
Wheelbase 2581 mm 
Unloaded vehicle mass (m) 1282 kg 
Centre of vehicle gravity 420 mm 
Drag coefficient (��) 0.32 
Transmission ratio in the 
brake pedal (��/��) 

3.6 

Tires 195/65 R15 H 
 
Table 2. Physical characteristics of the brake 

fluid [12] 
 

Density (�)   1050 ��/�� 
Speed of sound (�) 1652 �/� 
Bulk module (E) 2.867 109 �� 

 
Comparative results of the measured and 
calculated pressure values show very good 
agreement, which confirms that the choice of the 
simulation model is appropriate.  
 
Example of measurement results and calculation 
of parameters on the vehicle (vehicle 
deceleration, vehicle speed, angular velocity of 
the wheels) for the known braking force on the 
brake pedal, at the beginning of braking at the 
initial speed of 100 km/h (27.78 m/s), is shown in 
the Fig. 9. 
 
The results of calculations and experiments show 
very good agreement, both the current and the 
absolute values, which confirms a good selection 
of models for calculating the parameters of the 
vehicle.  
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Fig. 8. Force on the brake pedal and pressure change in the main brake  
cylinder - chamber (2) 

 
 
 

Fig. 9. The force on the brake pedal (Fd), deceleration of the vehicle (j), vehicle speed (v) and 
angular velocity point (t) during the braking of the vehicle with the initial speed of 100 km/h 
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With the presented model all interesting 
hydrodynamic and dynamic parameters in the 
brake system and on the vehicle itself can be 
calculated. Thus, the Fig. 10 shows the pressure 
changes in the chambers of the main brake 
cylinder and the chambers of brake cylinders of 
individual wheels. 
 
The Fig. 11 shows an example of the change of 
braking torque at individual wheels as a function 
of time and a wheel slip. The brake torques on 
the front wheels are more than twice greater than 

brake torques on the rear wheels due to an 
extreme deceleration (approx. 10 m/s2). An 
inertia force made changes of vertical loads (in 
the same time the max. adhesion) on front and 
rear axles of the vehicle in the same ratio like 
brake torques. 
 
In addition to these parameters, the presented 
model allows calculation of a number of different 
parameters in the brake system as a function of 
space and time, which can be used for various 
analyses. 

     

 
 

Fig. 10. Pressure in the chambers of the main brake cylinder (p1, p2)  
and the brake cylinders of disc brakes (pkc1, pkc2) 

 

 
 

Fig. 11. Braking torque in the function of time and as a function wheel slip 
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4. CONCLUSION 
 
The paper presents a systematic physical and 
mathematical model for simulation of the 
hydrodynamic processes in the brake system of 
passenger vehicles with ABS, where the most 
appropriate numerical solution is proposed. The 
proposed model provides a detailed picture of 
changes of all relevant hydrodynamic and 
dynamic parameters in the brake system, 
enabling the analysis of various parameters 
influencing the whole process of braking. 
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